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The simultaneous solution of the optimal sequencing and optimal dynamic transi-
tions of two multigrade polymerization continuous stirred-tank reactors (CSTRs) is pre-
sented. The simultaneous formulation leads to a mixed-integer dynamic optimization
(MIDO) problem. The profiles of the state variables during dynamic transitions are
discretized using orthogonal collocation on finite elements, transforming the MIDO
problem into a mixed-integer nonlinear programming (MINLP) problem. The objective
of this formulation is to maximize the profit of the manufacturing operation, consider-
ing polymer sales, inventory costs and transition costs. The transition cost term is
determined by the duration of the transition stages and the manipulated variable pro-
file during transitions. Two industrial reaction systems are used to analyze the optimal
solution and compare it to other solutions obtained using different methods. Finally, a
sensitivity analysis is carried out to describe the impact of changes in certain problem
parameters. © 2007 American Institute of Chemical Engineers AIChE J, 53: 2301-2315, 2007
Keywords: optimization, control, polymerization reactors

GWILEY .
InterScience*

Introduction

The importance of industrial production scheduling and
control (SC) is broadly recognized. Works on the subject are
numerous, focusing on batch, as well as continuous produc-
tion facilities. Traditionally, scheduling and control problems
were approached independently. Scheduling problems com-
monly assume constant transition times and almost any as-
pect related to process dynamics, while process control prob-
lems normally assume fixed production sequences. The close
relationship between scheduling and control problems and
the importance of a simultaneous solution is currently recog-
nized.'™ Moreover, a recent publication4 concluded that not
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including process dynamics in scheduling problem formula-
tions can lead to suboptimal solutions.

The simultaneous scheduling and control (SSC) approach
can be applied to polymer manufacturing operations. It is
now common for polymerization plants to operate in a con-
tinuous manner, in which several product grades are pro-
duced using the same equipment. In this context grades are
understood as products made from the same polymer but that
exhibit different end use properties, such as brightness, color,
mechanical strength.” These end use properties of grades are
dependent on molecular-weight distribution (MWD) and
monomer conversion, which in turn are determined by oper-
ating conditions.® Transition times in grade polymerization
systems can be long, resulting in considerable amount of off-
spec product, which clearly impacts the profitability of plant
operation. As such, the choice of transitions to be made dur-
ing a production sequence is an important aspect to consider
when determining a production schedule for polymerization
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plants. The rigorous inclusion of process dynamics for opti-
mal grade transitions in a scheduling formulation, as pro-
posed in this work, results in a mixed-integer dynamic opti-
mization (MIDO) formulation.

Nystrom et al.® recently addressed scheduling and grade
transition for polymerization systems. The authors proposed
a solution strategy for solving MIDO problems, based on a
decomposition scheme by Barton and Allgor.” The MIDO
formulation is decomposed in a primal problem containing
the dynamic part, and a master problem containing the
scheduling formulation. Results of this study include a suc-
cessful treatment of grade transitions during production
scheduling for a polymerization plant. However, it should be
noted that their strategy is highly application specific.
Another approach for addressing the integrated scheduling
and control problem has been proposed by Prata et al.® The
dynamic optimization (control) problem is solved using sin-
gle and multiple shooting methods instead of simultaneous
dynamic optimization (SDO) used here, and there is no in-
ventory cost included in the objective function. Instead, the
total amount of raw material consumed during the total pro-
duction schedule is accounted for. Also due to confidentiality
reasons the mathematical model of the polymerization pro-
cess is not available. Therefore, the extent and degree of
nonlinearities cannot be known with accuracy.

In a previous work’ we proposed an iterative scheme for
simultaneous scheduling and control in which transition
times were approximated manually at each iteration. In con-
trast, in this article we consider explicitly the transition times
as part of the mathematical formulation, thereby, eliminating
the need for the approximate iterative scheme. The MIDO
formulation is applied to polymerization reactors which ap-
proximate real life applications as opposed to the simpler
cases used in previous works to test our former iterative for-
mulation.”

In this work a simultaneous cyclic scheduling and optimal
control approach is proposed and studied in two polymeriza-
tion systems. The resulting problem is cast as a mixed-inte-
ger dynamic optimization (MIDO) problem that involves in-
teger variables for sequencing decisions and continuous vari-
ables for production and transition times, cycle duration and
inventory levels. The solution methodology used in this
work” consists in transforming the MIDO problem into a
mixed-integer nonlinear programming (MINLP) problem.
This method involves the transformation of the ordinary-dif-
ferential equations that describe the dynamic model into a set
of algebraic equations through the use of orthogonal colloca-
tion equations.10 The problem can then be solved using any
known MINLP techniques such as the outer-approximation
method.'"'? This article emphasizes the analysis of the opti-
mal solutions. One main concern addressed in the following
pages is the influence of transition times and profiles on the
optimal solution. Both, transition times and profile, are con-
sequences of process dynamics, so their influence on the so-
lution reflects the importance of including rigorous dynamics
on the scheduling problems.

Problem definition

In polymerization plants a certain number of polymer
grades are specified in terms of their conversion and/or mo-
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lecular-weight distribution (MWD). These grades are to be
formed using a single continuous stirred-tank reactor (CSTR)
operating isothermally. Each grade is obtained from the same
raw material but using different operating conditions. Since
the reactor operates continuously, the switch from a certain
grade to another involves a dynamic transition, which is car-
ried out by manipulating the monomer feed flow rate or the
initiator feed flow rate. The transition is accomplished once
the conversion and/or MWD are within a certain tolerance of
their desired steady-state values.

In terms of the scheduling problem, lower bounds for the
demands rates are specified for all different polymer grades.
In order to satisfy these demands, all grades must be manu-
factured once during a production cycle. Cyclic time is deter-
mined as part of the optimal solution. The manufacturing
operation involves inventory holding costs and transition
costs. Inventory holding costs, raw material costs and product
prices of each grade are known, as well as steady state val-
ues and upper and lower bounds for all variable.

Given the previously stated problem, the objective of the
present work is to find the optimal manufacturing cycle in
order to meet all demands for the grades while maximizing
profit. The optimal cycle is described by the following deci-
sion variables: (1) Grade manufacturing sequence. The
sequencing of grades will influence the transitions to be car-
ried out; (2) optimal transition times. Transition costs are
functions of transition times and manipulated variable pro-
files. The duration of those transitions must be calculated so
that the switch from one grade to another is carried success-
fully while minimizing costs. Transition times also influence
overall cycle time; (3) Optimal dynamic transitions. The
behavior of the manipulated variables during grade transition
must be defined in order to minimize transition costs; (4)
Optimal cycle duration. The cycle time, which dictates the
inventory requirements, must be calculated so as to maximize
hourly profits and (5) the length of the production runs must
be such that the demands are satisfied, while profit is maxi-
mized through the production of a profitable grade mix.

Certain assumptions are made in order to obtain the opti-
mal solution: (a) Demand, inventory costs and raw material
costs are deterministic parameters, (b) all polymer produced
is sold. There is no upper bound on production, (c) all grades
are produced only once during the production cycle, (d) once
a grade has been produced it is stored and depleted until the
end of the cycle, (e) profit is defined as product sales minus
inventory holding costs minus transition costs divided by
total cycle time (hourly profits). All other costs are not taken
into account, and (f) transition cost is defined as the cost of
the raw material spent during transition when no useful end
product is being manufactured.

Scheduling and Control MIDO Formulation

As mentioned before, the manufacturing operation relevant
to this work is carried out in production cycles. As shown in
Figure la the cyclic time is divided into a series of slots.
Within each slot two operations are carried out: (a) the pro-
duction period during which a given product is manufactured
around steady-state conditions, and (b) the transition period
during which dynamic transitions between two products
take place. According to this description, Figure 1b depicts a
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(b) Time
Figure 1. (@) The cyclic time is divided into slots and
within each slot a steady-state production
period is followed by a transition period, and
(b) within each slot the system states x, and
the manipulated variables u remain constant.

However during the transition period the manipulated varia-
bles change and so does the system states.

typical dynamic operating response curve within each slot.
At the beginning of each slot, material of a given product is
manufactured until the demand imposed on such product
is met. During this period both the system states x and
the manipulated variables u# remain constant. Afterwards, the
CSTR process conditions are changed (by modifying the
manipulated variables ) until new desired process operating
conditions (as represented by the system states x) are reached
leading to the manufacture of a new product. In this work
we assume that only one product can be produced in a slot,
and that each product is produced only once within each pro-
duction wheel. Also, we assume that once a production wheel
is completed, new identical cycles are executed indefinitely.'?
In this context, the objective function of the proposed formu-
lation is defined and described as follows. Please note that
the articles notation is listed in detail in the Appendix.
e Objective function

max {Z CPW

Y. 03(G; — Wﬁ)

i=1 "

Ny Npe
[Zzhﬂgt maxzufck/l

k=1 f=1

i=1
Cl
Int ~
ZQma,\ HkTC} (1)

The total process profit is given by the amount and cost of
the manufactured products minus the sum of the inventory
costs and the product transition costs. All terms are divided
by the cyclic time (7,) so the objective function value corre-
sponds to the cyclic hourly profit.

The first term of the objective function represents product
sales, which are defined as the amount produced (W;) times
the product price (C”).

The second term states that inventory costs are calculated
from the amount to be stored of each grade, and the time
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this production must be hold. The depletion rate for each
product is defined as the amount produced divided by the
cyclic time (W,/T.). The hourly accumulation of product dur-
ing the production period (®;) is obtained as the production
rate (G;) minus the depletion rate. After the production pe-
riod the product is depleted at the constant rate just defined
above. The total amount of product stored during the cycle is
defined as the area under the triangle: w The total
amount of product times the inventory cost (CY)) and divided
by the cyclic time represents the hourly inventory cost, as
expressed in the second term of the objective function.

The third and fourth terms refer to transition costs in terms
of wasted, offspec material during transitions. The offspec
material is calculated as the amount of raw material and ini-
tiator fed into the reactor for all the duration of the transi-
tion. Since monomer flow rate is a manipulated variable, the
term e, ug, Ve represents a weighted average of the manip-
ulated variable for each finite element. This type of transition
cost forces the transition to be done as economically as pos-
sible, which usually derives in fast transitions in order to
waste the least amount of raw material.

In order to clarify the SSC MIDO problem formulation,
the constraints have been divided into two parts. The first
one deals with the scheduling part, and the second one with
the dynamic optimization part.

1. Scheduling part.
(a) Product assignment

Ns
Y =1, Vi (22)
k=1
NP
> =1, Vk (2b)
i=1

where, y; Binary variable to denote if product i is
produced at slot k.

Equation 2a states that, within each production wheel,
any product can only be manufactured once, while
constraint 2b implies that only one product is manu-
factured at each slot. Due to this constraint, the num-
ber of products and slots turns out to be the same.

(b) Amounts manufactured

W,‘ > D[TC, Vi (321)
Wi=G®,;, Vi (3b)
o MW, : ,

Gi = F{Cpo— oo™ Vi (3¢)

Equation 3a states that the total amount manufactured
of each product i must be equal or greater than the
specified demand rate (D;) times the duration of the
production wheel (7.), while Eq. 3b indicates that
the amount manufactured of product i is computed as
the product of the production rate (G;) times the time
used (®;) for manufacturing such product. The produc-
tion rate is computed from Equation 3c as a simple
relationship between the feed stream flowrate (F¢), the
feed stream composition (C,,), and monomer molecu-
lar weight (MW ,.0n0mer)-
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(c) Processing times

Hik S emaxyl'kv vl7 k (4’3-)
Ny

@ => O Vi (4b)
k=1
N,

pe=> Ou, Yk (4c)
i=1

The constraint given by Eq. 4a sets an upper bound on

the time used for manufacturing product i at slot k.

Equation 4b is the time used for manufacturing prod-

uct i, while Eq. 4c defines the duration time at slot k.
(e) Timing relations

6=6+p+0, Vk (5a)

ti = IZ—lv Vk # 1 (5b)

f < T., Yk (5¢)
0 0

oo =(F = )=+ S, Vfck (5d)
Nfe Nfg

Equation 5a is used for computing the time at the end
of slot k (#7) as the sum of the slot start time (#}) plus
the processing time (p;), and the transition time (6}).
Equation 5b states that the start time of all the slots,
different than the first one, is just the end time of the
previous slot. Equation 5c is used to force that the end
time at each slot be less than the production wheel
cyclic time. Finally, Eq. 5d is used to obtain the time
value inside each finite element and for each internal
collocation point.

2. Dynamic Optimization part.

To address the optimal control part, the simultaneous
approach'® for solving dynamic optimization problems
was used. In this approach the dynamic mathematical
model representing system behavior is discretized using
the method of orthogonal collocation on finite ele-
ments,'*13 According to this procedure, a given slot k is
divided into a number of finite elements. Within each fi-
nite element an adequate number of internal collocation
points is selected as depicted in Figure 2. Using several fi-
nite elements is useful to represent dynamic profiles with
non-smooth variations. In this way the set of ordinary dif-
ferential equations comprising the system model is

Collocation
Points Finite Element

Figure 2. Simultaneous discretization approach for
dealing with dynamic optimization problems.

Each slot k is divided into Ny, finite elements. Within each
finite element f a set of N, collocation points c is selected.

2304 DOI 10.1002/aic

Published on behalf of the AIChE

approximated at each collocation point, leading to a set of
nonlinear equations that must be satisfied.
(a) Dynamic mathematical model discretization

Nep

x’flc'k - x:l),fk + thfk Z Q](Tx"fl]ka V}’l,f, ¢, k (6)

=1

The constraints given by Eq. 6 are used to compute
the value of the system states at each one of the dis-
cretized points (x7,) by using the monomial basis rep-
resentation. x; , is the n-th system state at the begin-
ning of each element, O,. is the collocation matrix
and X, is the first-order derivative of the n-th state.
Notice that when working with the first element, x|, |,
represents the specified initial value of the n-th state.
Also, notice that in the present formulation the length
of all finite elements is the same and computed as

1
hy = — 7
ik Ne @)

(b) Continuity constraint between finite elements

Nep

=0 O > Qv Ynf > 2k (8)
=1

In the simultaneous approach for dynamic optimiza-
tion problems, the states must be continuous when
crossing from one given finite element to the next
one. We use Eq. 8 to force continuous state profiles
on all the elements at the beginning of each element
(x5 4), and they are computed in terms of the same
monomial basis used before for defining the value of
the system states.
(c) Model behavior at each collocation point

. 1 1
Fik = I Ceger -+ Xt U - - Up), Y, f o0,k )

Equation 9 is used for computing the value of the first
order derivatives of the systems at finite element f of
collocation point ¢ in slot k. Those equations simply
represent the righthand sides of the dynamic model.
Because our scheduling and control formulation is sys-
tem independent, we have used the notation f” to rep-
resent the right hand side of the n-th ordinary differen-
tial equation describing any desired dynamic system.

(d) Initial and final controlled and manipulated variable
values at each slot:

NI’
'x;’ruk = X?sjyﬂk? Vn, k (10)
#7225
N,,
Y= yiarr,  Vnk # N (11)
i=1
NF
X o= Xy, Vnk=N, (12)
i=1
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N,
Wy = Y uly Yiks Vm,k (13)
=1
NF
w=Y Ul yikrr, Ymk # Ny — 1 (14)
i=1
N,
= Zum,y,l, Vm,k = N, (15)
""ln.l,k = ”zr‘fz,kv Vm, k (16)
Xo 1k = Xy YN,k a7
Yotk 2 XNfenex — Xp VA K (18)
— Xtk < XNpenek — Xk VA K (19)

Equation 10 defines the values of the state variables at
the beginning of each slot & (xj, ;). The desired value
of each state at the end of the same slot k (xk) is com-
puted in Egs. 11 and 12. It should be stressed that the
state values at the beginning and end of each slot k
are given by the corresponding steady-state values
(x5,;) calculated a priori. xg; simply stands for the
steady-state value of the manufacturing product i.
They can be easily obtained from open-loop steady-
state simulation of the processing system. Similarly,
Eqgs. 13-15 define the values of the manipulated varia-
bles at the beginning of each slot & (uj; ;) and at the
end of the slot k (). Equation 16 fixes the values at
the first finite element and first collocation point of
each slot k (' 14) as the value that such variable takes
at the beginning of the same slot k. Equation 17 deter-
mines the values of the system states at the beginning
of each slot (x,,). Finally, Egs. 18 and 19 set the
allowable deviation from desired state variable values
at the end of every dynamic transition.
(e) Lower and upper bounds on the decision variables

xfm'n < x)’}L]( < X'r;m, Vn,f,c,k (20a)
u:'r;in < uj’ZZ‘k < u max7 vm f,C k (20b)

Equations 20a,b simply constrain the values of both
the system states and manipulated variables to lie
within acceptable lower and upper bounds.

(f) Smooth transition constraints

M}Vfc.k - u}’jc—l,k < u wnﬂ Vm k c 7é 1 (21)

u_;‘?fc,k - u;'y,lcfl,k > mnt7 Vm k f’ ¢ ;é 1 (22)

UF' = Uy Npe S U Wps Yk f 1 (23)
U = U Nk >~ Wy Ik f # 1 (24)
ul'y =y < T (25)
e —id, 1, Vk (26)
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Table 1. Design Information and Scaling Values

\% 6000 Reactor volume [L]

0; 1.5 X 10° Initiator flow rate [L/s]

Cho 8.63 Monomer feed stream concentration
[mol/L]

Chpo 1.05 Butadiene feed stream concentration
[mol/L]

Cro 0.98 Initiator feed stream concentration
[mol/L]

T 377.5 Reactor temperature [K]

ky 7.28 X 107% Initiation reaction constant [1/s]

kro 1.59 X 10~'""  Initiation reaction constant [L/mol-s]

kn 8.04 X 10? Initiation reaction constant [L/mol-s]

ki 1.61 X 10? Initiation reaction constant [L/mol-s]

ki3 8.04 X 107 Initiation reaction constant [L/mol-s]

kp 8.04 X 10° Propagation reaction constant [L/mol-s]

kg 2.99 X 107! Monomer transfer reaction constant
[L/mol-s]

Crimax 131 Maximum value of monomer

concentration [mol/1]

Maximum value of initiator
concentration [mol/l]

1.05 Maximum value of butadiene
concentration [mol/1]

Maximum value of radical concentration
[mol/1]

Maximum value of butadiene radical
concentration [mol/l]

Maximum value of zero radical death
moment

Cimax 3 X 107
Comax
Comax 629 X 107
497 x 10712

Cb/‘max

[omar 866 X 107°

ugmx 441 x 107° Maximum value of zero butadiene
radical death moment
Olmax 1.5 % 1073 Maximum value of initiator flow rate
[1/s]
O mmax 1.14 Maximum value of feed stream flow rate
[1/s]
WpeNepk = —wotks N,k 27
x]@ﬂ,N{:];,k S )'Ctol,ka Vn, k (28)

Equation 8 is used to ensure continuity between adjacent fi-
nite elements. However, no equation up to this point forces a
smooth profile for the manipulated variable. Equations 21-26
force the change between adjacent collocation points and fi-
nite elements to be within a certain acceptable range. Equa-
tions 27 and 28 are used to make sure that at the end of the
dynamic transition the system is at, or very close to, steady
state conditions.

Case Studies

In order to analyze the performance of the simultaneous
scheduling and control formulation presented in this paper, it
was tested on two polymerization processes. In the following
section these processes are described and the results of the
scheduling and control problem are discussed. The models
used are intended to resemble industrial processes, but they
are still simplified versions of complex models used in indus-
trial applications.

Case 1: High Impact Polystyrene (HIPS)
Process description

The isothermal free radical bulk polymerization of styrene
was carried out in a CSTR. The single CSTR model has
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Table 2. HIPS Grade Design Information

Grade Q [1/s] Conv Demand (kg/hr) Inv. Cost Monomer Cost Initiator Cost Price
A 1.14 15 50 0.15 1 10 32
B 0.75 25 60 0.20 1 10 43
C 0.56 35 65 0.15 1 10 4.5
D 0.60 40 70 0.10 1 10 5.0
E 0.53 45 60 0.25 1 10 55

Demand rate is in [kg/hr], inventory cost is in [$/kg-hr], monomer and initiator costs are in [$/It of feed stream] and prices are in [$/kg].

: . 6,16,17 . :
been used in previous works™ >’ to describe this process. In

the following example the model is cast in dimensionless
form by diving each state variable and manipulated variable
by its maximum values. Design information and scaling val-
ues are given in Table 1.

dxl _ Qimax—xloui - Qmaxxluf

dr k 29
dt \% dX1 29)
dXZ X2p — X2 . .
— = = Qmaxuf - 7 kpr(.umaxX6 + /“tbmaxx7) (30)
dt 1%
de — X30 — X3
dt — Qmaxuf %
% (kIZCrmaxX4 + kfsnu'gmaxx6 + kﬂ’:ugmaxx7) (3 1)
dx. k Cimaxx
“rA = 2fa Rd%imaxAl X4 (kllcmmax)Q + kIZChmaxX:’,) (32)
d[ C)‘mtlx
dx- Cbm (X
0 - Y (k12C1~maXX4 + kfh('ugmaxxﬁ + .u}?maxx7))
dt Chrmax
— x5 (ki3Crumar¥2 + kr(:“?max)% + llgm(IXX7 + Cpmarxs))  (33)
d.X(,
dt
—2k10 (Cmm‘”x2 >2 +k11 CrmaxXaCrumaxX2 +Cmmaxx2kf ) :u?maxx6 :ugmaxx7
= 'uo
B (k1 Crmar 2k ('u (r)maxx 6 +M(}3ma X7 +ChrmaxXs )
+ kfsCmmax)Q +kfbcbmax)€3 )x6 +kp ComarXoXe (34)
& _ k13 ChrimaxCrmmarXsx2
dt Mgmax
- (kp CmmaxXQ + kt('u 5')ma«\’x() + Mgma,\'x7 + CbrmaXXS)
i Comas 2Ky Comar 3 )1 + iy Comar 237 (35)
where

x; = (Value of state i)/(max expected value of state i)

u; = (Value of initiator flow)/(max expected value of initia-
tor flow)
uy = (Value of feed stream flow)/(max expected value of

feed stream flow)

Five different HIPS grades (A, B, C, D, E) were defined as
desired products for the production cycle, corresponding to
15, 25, 35, 40 and 45 percent monomer conversion. Due to
the gel effect, normally higher conversions are not obtained
in a single reactor. Instead, a sequence of CSTRs is used for
that purpose. Monomer flow rate (Q,,) was chosen as the
manipulated variable during grade transitions. Detailed grade
information is shown in Table 2.
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As described in previous sections, the simultaneous sched-
uling and control formulation yields a MIDO problem, which
is transformed into a MINLP problem using the SDO tech-
nique with 20 finite elements and three collocation points.
The problem is solved in GAMS using DICOPT, a MINLP
solver that uses the outer approximation algorithm.'''? The
formulation consists of 6,666 constraints, 6,267 continuous
variables and 25 discrete variables. The solution took 7,640 s
of cpu time using an IBM Laptop 1.6 GHz processor and
256 MB RAM. Results of the optimal production cycle, £ —
A - B — C — D with objective $1456/hr and length of
cycle time 32.3h, are shown in Figure 3 and Table 3.

451 Grade E
Grade D
40
36 i
£ Grade C
B
]
£
=]
o
25 .
Grade B
20
Grade A
15 I ’ i i i i
5 10 15 30 a5 30
Tina [hrs]
(a)
F o
18
-_3;-16—
g
214
3
§2r Grads A
5 |
E I
£
_EJ fd |.Gr|'|r.|uEI J
=] =
H ] S Grada D
2 _Grade © ———
08 s | | R 2 ! T — 1
bt | [ L] 1l
P e || (1
ozf | | I-
o | | ‘ 1 1 .
o & 10 18 ] ) T
Tirrsz: [Fura]
{b)

Figure 3. Monomer conversion (a), and feed stream
flow rate (Qm) (b), profiles during production
cycle.

Note: Conversion during production stages in (a) is kept
within upper and lower quality bounds. [Color figure can
be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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Table 3. Simultaneous Scheduling and Control Results for
Grade Transition in a HIPS Polymerization CSTR

Process Production Trans T start T end

Product T [h] kel T [h] [h] [h]
E 2.48 1937 1.34 0 3.83
A 2.87 1614 1.15 3.83 7.85
B 3.17 1937 1.11 7.85 12.14
C 3.10 2099 0.58 12.14 15.82
D 15.81 11370 0.67 15.82 32.29

The optimal cyclic sequence is E - A - B — C — D. The objective func-
tion value is $ 1,456/hr and 32.3 h of total cycle time.

In the first part of the following section the key drivers for
the optimal solution are discussed, in a second part a
dynamic analysis of the transitions is included, and in a third
part a comparison vs a sequential solution method is carried
out. Finally, the present formulation will be compared
against an earlier MIDO version for simultaneous scheduling
and control proposed by our research group.9 In the sequen-
tial solution optimal dynamic profiles for every possible tran-
sition are calculated in a first step, and introduced as fixed
parameters for the scheduling problem.

Optimal solution analysis

In order to understand the drivers for maximum profit, the
optimal and five other feasible solutions (as found by
DICOPT/CONOPT3) were analyzed. The main variable level
and some arbitrary indicators used mainly for comparison
among solutions are reported in Table 4 and Figure 4. The
following key observations can be made. (a) Since product D
is one of the most profitable products (second highest price,
low inventory costs), the optimizer allocates the largest por-
tion of time to the production of this grade, while just satis-
fying the demand for all other grades. (b) Transition times
affect the results of each feasible solution in two ways. First,
by affecting total cycle time, and second, by affecting transi-
tion costs. In general, lower transition times relate to lower
transition time to total cycle time ratio and lower transition
costs. (c) Determining total cycle time involves a trade-off
between transition and inventory costs. If the total cycle time
is short, the inventory costs are low, but transition times take
up a considerable proportion of the total cycle duration. In
long cycles, the ratio of transition times to cycle time is low,
and productivity of the cycle is high at the expense of incur-
ring in high inventory costs. The magnitude and proportion
of costs in the present example is such that a short cycle
time with low inventory costs is preferred over a long cycle.
Therefore, minimizing transition times becomes very impor-
tant to avoid the high-ratio of transition times to total cycle
time.

Dynamic analysis

Dynamic behavior during each grade transition dictates
both transition times and transi-tion costs. Each transition has
different dynamic behavior, and it is the objective of this
section to understand the influence of this behavior on the
selection of the optimal schedule for cyclic production. In
order to carry out this analysis, the system was linearized
around each steady state, and all possible grade transitions
were characterized by a transfer function. Time constants
were then calculated. Since they were found to be propor-
tional to total transition time this last indicator will be used
for analysis. Dominant eigenvalues for each linearized steady
state are given in Table 5. The real part of all the eigenval-
ues is negative, and their magnitude decreases as grade con-
version increases. This makes sense since lower grade con-
versions are achieved by higher feed stream flow rates, which
in turn results in faster dynamic behavior around lower con-
version steady states. Initially, the optimal schedule features
an E to A product transition. This can be explained as the
coupling of the slowest operating region (around grade E)
with a faster one (around grade A). This allows all other tran-
sitions to be made between grades of adjacent monomer con-
version (A to B, B to C and so on). This kind of transitions
take the least amount of effort since the magnitude of the
change in the manipulated variable value is minimized.

From the previous paragraph it is unclear why the optimal
schedule corresponds to transitions from lower conversion
grades (as in A to B), and not from higher conversion to
lower conversion (as in B to A) since both type of transitions
demand the same magnitude of change in the feed stream
flow rate. However, the dynamic behavior between the two
type of transitions can be expected to be very different. To
understand this result, two extra calculations were performed.
From dynamic optimization, transition costs and transition
times were calculated. Cycles for minimum transition costs
and minimum transition times were then calculated using a
reduced MILP model with GAMS/CPLEX. The optimal
sequence for minimum transition times was E - A - B —
C — D, while the optimal sequence for minimum transition
costs was D - C - B - A — E. Note that the minimum
transition time sequence chooses mostly transitions from
lower conversion grades to higher conversion grades, while
minimum transition cost schedule chooses tran-sitions from
higher to lower conversion grades. Another important obser-
vation is that the sequence of minimum transition times
schedule is exactly the same one as in the schedule chosen
for the simultaneous scheduling and control formulation.

Summarizing, reducing total transition times seem to be
the main criterion for choosing an optimal sequence. Further-
more, in order to achieve low-transition times in the particu-
lar system being analyzed, transitions must be made between

Table 4. Performance Indicators for HIPS CSTR Optimal and other Suboptimal Feasible Solutions

Solution Sequence Profit Tc [h] TCI;T%:Z( VCMDII Zﬁnf;ni de:;?md
Optimal E->A->B->C->D 1456 323 0.15 0.60 1.0 5.0
Sol.B D—-A->B->C-E 1352 33.0 0.16 0.59 1.0 4.9
Sol.C E->B->A->C->D 1221 36.2 0.17 0.59 1.0 4.8
Sol.D A->B->C—->D->E 1155 37.2 0.18 0.59 1.0 4.7
Sol.E E—-A->C->B->D 1101 38.1 0.19 0.58 1.0 4.7
Sol.F B->A—->E->C->D 1045 39.0 0.20 0.58 1.0 4.6
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Figure 4. Costs and profit balance of different solu-
tions for the HIPS case study.

adjacent grades going from low-to high-conversion states (A
to B, B to C, etc.).

To test the aforementioned conclusion, a modification was
performed on the operating parameters of the HIPS polymer-
ization system that consisted in decreasing the reactor vol-
ume from 6,000 to 2,500 L, and increasing the initiator flow
rate in order to obtain the same grades as in the original sys-
tem. The optimal grade transition schedule is given by £ —
A - B - C — D, the same sequence as the optimal sched-
ule. Comparing the eigenvalues from Table 5, one could
expect the overall dynamics to be faster than the one corre-
sponding to the original system. Given this difference, the
optimal schedule for the simultaneous scheduling and control
problem is exactly the same as in the original case, and once
again, it corresponds to the minimum transition time
sequence. Differences in the dynamic transitions for the opti-
mal cycle between the original and modified systems can be
compared in Figure 5. Because the modified reactor features
a smaller residence time, transition between grades are faster.

Given the same prices and costs, the profit is $1,910/h for
the 2,500 L reactor vs. $1,456/h for the 6,000 L reactor,
while the cycle time changes from 32.3 h to 33 h. Since the
sequence is the same, the improvement can be attributed
solely to faster dynamics for the modified system.

Comparison vs. sequential solution

We compare the performance of our SSC formulation
compared to a traditional sequential approach. In the sequen-
tial approach the SC problems is solved in two parts. The
first step consists in calculating all possible transitions
between grades as purely dynamic optimization problems,
while in the second step this information is used for posing
and solving a scheduling problem.

The objective function used for the dynamic optimizations
in step 1 of the sequential solution is as follows

Nfe
min{@’ Qunax Cr, > _hi(umiy 0.15 + um; 0.50
i=1
o+ umis 0.35) + Tyans O: Cri |
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The aim of this objective function is to minimize the transi-
tion cost, which is a combination of the transition time (6"),
and the feed streams flow rate (u,,) during the transition. Nu-
merical Results for the sequential solution are found in Table
6; the reader can compare this data with Table 3. A compari-
son between sales, inventory costs and transition costs is
found in Table 7. It is evident that the simultaneous solution
produces a better solution than the corresponding one from
the sequential approach ($1,456/h vs. $1,416/h). The main
difference between both approaches is attributed to longer
transition times for E to A transition in the sequential
approach (proof on this later). To better understand the dif-
ference in dynamic transition profiles for the E to A transi-
tion, as determined for the sequential and simultaneous solu-
tions, such a transition is shown in Figure 6. All other pro-
files are identical, and, therefore, are not shown. The profile
obtained by the simultaneous formulation starts with a more
aggressive behavior for the manipulated variable, which in
the end allows for a shorter, cheaper transition.

Finally, in order to demonstrate that the differences
between the simultaneous and sequential results are origi-
nated by the longer transition times and higher transitions
costs of the E to A transition, the following procedure was
performed. The transition costs and times obtained by pure
dynamic optimization for the transition £ to A in the first
step of the sequential method were exchanged for the values
obtained for the same transition in the simultaneous solution.
With these new values the second step in the sequential
approach (purely scheduling part) was solved again. The new
results are found in Table 8. The performance of the sequen-
tial solution is almost as good as the simultaneous solution.
This proves that the difference between the original sequential
solution, and the simultaneous solution was indeed originated
by the different dynamic transitions for the E to A transition.

Comparison vs. iterative (previous) formulation

Earlier versions of the simultaneous scheduling and control
formulation proposed by our research group’ are similar to
the one proposed in this work. The main differences are: (1)
The transition cost term in the objective function is different,
and (2) transition times are calculated differently. In the pres-
ent work they are calculated directly by the solver, whereas
in the previous formulation they had to be fed as fixed pa-
rameters estimated from pure dynamic optimization data, and
then fine tuned through an iterative process. For the opti-
mizer to be able to determine which transition time parame-
ter to use, two extra binary variables are required. These var-
iables will be detailed later.

Table 5. Dominant Eigenvalues for Linearized Steady States
Corresponding to Different Grade Operating Conditions
for the Base Case (V = 6000 L) and the Modified Case
(V =2500 L)

Dominant Eigenvalue Dominant Eigenvalue

Grade (Base case) (Modified case)
A -1.59 x 107* -392 x 107*
B -1.02 X 107* -2.55 X 107
C -7.97 X 1073 -2.10 X 107
D —730 X 1073 —1.88 X 107*
E —6.96 X 107° -1.78 X 107
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Figure 5. Conversion (a), and monomer feed stream flow rate (b), profiles of chosen grade transition in original
(reactor volume = 6,000 Its); conversion (c), and monomer feed stream flow rate (d), profiles of chosen
grade transition in modified systems (reactor volume = 2500 Its).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

The two differences described above require some extra
constraints for the present formulation. Since transition times
are to be determined by the solver, desired state variable val-
ues are within a product quality band given by Eq. 19, rather
than punctual desired value as in the previous formulation. If

Table 6. Sequential Scheduling and Control Results for
Grade Transition in a HIPS Polymerization CSTR

a tolerable range is not provided, then carrying out the transi-
tion would take an unreasonably long time. On the other
hand, since the square difference of the manipulated variable
is not included in the objective function of the present for-
mulation, constraints 23 to 28 are required in this work.

The following objective function corresponds to the previ-
ous formulation’ applied to the HIPS polymerization system
described in this section.

Process Production Trans T start T end
Product T [h] (ke] T (hl (] (] Table 7. Comparison between Simultaneous and

C 3.16 2141 0.58 0 3.75 Sequential Solutions

D 16.03 11530 0.67 3.75 20.44 Sales i trans Profit

E 2.54 1977 1.54 20.44 24.52 mnv. :

A 2.93 1647 1.14 24.50 28.60 Method [$/hr] costs [$/hr] costs [$/hr] [$/hr]

B 3.23 1977 L1l 2860  32.95 Simultaneous  2801.24 941.00 404.68 1455.55
The objective function value is $1,416 and 33 h of total cycle time. Sequential 279051 939.99 414.19 1416.33
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Figure 6. Conversion (a), and monomer feed stream
flow rate (b), profiles of slot 1 transition for
simultaneous and sequential solutions.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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The reader can compare this equation with Eq. 1. The transi-
tion cost term is defined in a completely different way. Tran-
sition costs in Eq. 38 are expressed as the sum of the square
differences of every state and the manipulated variable in
each discretization point vs. the desired value at the end of
the transition. The advantage of using this kind of transition
term is that smooth transitions are achieved. However,
although there is a factor used to convert this sum into
money, mathematically converting a square difference of
states into money is not very intuitive and its applicability
could be questioned.

The extra binary variables required are defined and justi-
fied in the following paragraph

y;{rl :thH VI (37)
Zipk > y;;k + Yik — 17 Vivpak (38)

Equation 37 defines backward binary variable (y},) meaning
that such variable for product i in slot k takes the value
assigned to the same binary variable in Eq. 2a and 2b, but
one slot backwards k& — 1. At the first slot, Eq. 37 defines
the backward binary variable as the value of the same vari-
able at the last slot. This type of assignment reflects our
assumption of cyclic production wheel. The variable y, will
be used later to determine the sequence of product transi-
tions. The constraint given in Eq. 38 is used for defining the
binary production transition variable z;,.. If such variable is
equal to 1, then a dynamic transition will occur from product
i to product p within slot &, z;,, will be zero otherwise.

Results for the iterative formulation are found in Table 9
and Figure 7. From a computational point of view, the Itera-
tive method features 6,121 equations, 6,372 continuous varia-
bles, 50 binary variables. The solution of this formulation
took 11,190 cpu’s on a 1.6 Ghz processor, while the Direct
method features 6,666 equations, 6,242 continuous variables,
25 binary variables and required 7,640 cpu’s on the same
processor.

Finally, it should be noted that the direct formulation
requires extra constraints (18 to 28), and the addition of tran-
sition times as decision variables increases the non convexity
of the problem. However, these conditions were found not to
be of any significance in terms of computational effort. In
fact, the decrease in number of binary variables allowed for
an overall faster solution for the direct method. The direct
formulation is considered to be more realistic and represents

Table 9. Simultaneous Scheduling and Control Results
for Grade Transition in a HIPS Polymerization CSTR, using
an Iterative Approach for the Determination of
Transition Times

Process Production Trans T start T end

Table 8. Comparison between Simultaneous and Modified Product T [h] [kel T h [h] h]
Sequential Solutions A 3.57 2008 3 0 6.57
Sales n trans Profit D 10.67 7686 3 6.57 20.26

A"
. ) C 3.86 2610 3 20.26 27.11
Method [$hr]  costs [$/hr]  costs [$/hr]  [$/hr] E 3.10 2409 3 2701 3321
Simultaneous ~ 2801.24 941.00 404.68 1455.55 B 3.92 2409 3 3321 4015
Sequential 2800.82 940.79 405.17 1454.86 The objective function value is $906/hr and 40 h of total cycle time.
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Figure 7. Monomer conversion (a), and feed stream
flow rate (Q.,) (b), profiles during production
cycle for iterative solution.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

an important improvement towards achieving industrial

applicability.

Case 2: Methyl-Methacrylate Polymerization
(MMA)

A second case study corresponding to the methyl-metha-
crylate polymerization system is included in the following
section. Once the process is described, a discussion regarding
the optimal solution characteristics, similar to the one per-
formed in the HIPS case study, is carried out. Since the
mathematical formulation used is identical to that used in the
HIPS example, no comparison versus sequential and iterative
procedures is included for this example. At the end of this
section a sensitivity analysis is performed in order to under-
stand the effect of changes in process parameters on the opti-
mal solution.

AIChE Journal September 2007 Vol. 53, No. 9
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Process description

In the following section the bulk free-radical polymeriza-
tion of methyl-methacrylate in an isothermal CSTR is
described. The system has already been used by Mahadevan
et al." and by Congalidis et al.'"® to address grade transition
problems from a control point of view. The mathematical
model was cast in dimensionless form by dividing each state
and flow rates of monomer and initiator by their maximum
expected values

dxl \%
5 = —7 (kp + kfm)X]
de Vk,'
— = ==X
dt Q}'ll
dxs _ V(0.5ke + ki) |2f *kiCixs
dt Qn,ﬁo ki + ke

Vkmém 2 *k,‘éi —
+ xl\/ﬁ_ O,xs  (41)
0D kg + kie
Moy + kin)Cn 2" kiCixs
dxs _ VMu(ky + fm)mel\/m —0pXa;  (42)
dt OmD: haa + e

Cu Ci Do Gy _ Ciy é
m

where  xi =00 =&, =5, = G, = A,

= g:: ,0; = % In Table 10 contains information regarding
steady-state design and reactor scaling.

For testing our simultaneous scheduling and control formu-
lation, four polymer grades (A, B, C, D) were defined which
correspond to molecular weight distributions of 15,000,
25,000, 35,000 and 45,000. The initiator flow rate (Q;) was
selected as the manipulated variable to achieve grade transi-

Table 10. Steady-State Design and Scaling Information

Monomer feed stream [m>/h]

\% 0.1 Reactor volume [m>]

Ci, 8 Feed stream initiator concentration
[kmol/m?]

M,, 100.12 Monomer molecular weight [kg/kmol]

Cp, 6 Feed stream monomer concentration
[kmol/m?]

f* 0.58 Initiator efficiency

kee 1.3281 X 10'®  Termination by coupling rate constant

[m*/(kmol-h)]
Termination by disproportion rate
constant [m>/(kmol-h)]
Initiation rate constant [1/h]
Propagation rate constant [m>/(kmol-h)]
Chain transfer to monomer rate constant
[m?/(kmol-h)]

ku 1.093 x 10"

k; 1.0255 x 107!
k 2.4952 X 10°
Kp 24522 X 10°

C‘m 5.7768 Maximum value of monomer
. concentration [kmol/m3]
C; 0.41534 Maximum value of initiator

concentration [kmol/m?]

Dy 5.4794 X 10~*  Maximum value of zeroth moment

D, 82.219 Maximum value of first moment

0; 0.05245 Maximum value of initiator flow rate

X [m’/h]

O 1 Maximum value of monomer flow rate
[m’/h]
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Table 11. Grade Design Information

Grade 0; [m>/hr] MWD Demand (kg/hr) Inv. Cost Mono. Cost Init. Cost Price
A 0.05245 15000 0.8 1 10 500 100
B 0.01673 25000 0.7 1.2 10 500 120
C 0.006863 35000 1 1.2 10 500 130
D 0.003114 45000 0.8 1.5 10 500 150

The demand rate is in [kg/h] the price in [$/kg], the inventory cost in [$/kg-h] and the raw material costs are in [fli/rn3 of feedstream].

tion. Table 11 contains the steady-state values of the states,
and the manipulated variable leading to the manufacture of
each one of the A, B, C and D grades. Also, shown in Table
11 are the demand rates and costs of each grade.

Once again the resulting MINLP problem was solved
using DICOPT/GAMS. The problem consisted of 3,325 con-
straints, 3,042 continuous variables and 16 binary variables.
Table 12 and Figure 8 show the results of solving the sched-
uling and control problem. The solution took 70 CPU’s using
a 1.6 GHz processor.

In this section an optimal solution analysis, similar to the
one performed for the HIPS case study, is carried out. The
findings of the previous case study will be compared against
those derived from the optimal solution analysis in the MMA
system. Also, a sensitivity analysis including changes in in-
ventory costs, raw material costs, grade quality tolerance,
and demand is performed and analyzed.

Optimal solution analysis

The optimal solution found is compared against four other
feasible solutions found by DICOPT, using CONOPT3 as the
NLP solver. The same indicators used to compare the differ-
ent solutions in the HIPS example are used for the MMA
case study. These indicators are found in Table 13. A graphi-
cal comparison among the different solutions is found in Fig-
ure 9.

In the MMA case study the optimal solution and the first
three suboptimal solutions have very similar results. How-
ever, the optimal solution has a slightly better performance
according to the chosen performance indicators. This fact
indicates that the measures chosen to evaluate the perform-
ance of a particular solution are effective not only for the
HIPS problem, but also for the present case study.

Note that product D has the highest selling price, and
although it has a slightly higher inventory cost than product
C (next in selling price) it is the most profitable grade to
sell. Thus, the optimizer allocates the longest production
time to this grade, resulting in the highest production of all
four grades. Just as in the HIPS case study, demand for all
other grades is just satisfied while production for grade D

Table 12. Simultaneous Scheduling and Control Results for
Grade Transition in a MMA Polymerization CSTR

Process Production Trans T start T end

Product T [h] [kgl T [h] [h] [h]
D 56.46 282.30 5.73 0 62.19
A 34.43 137.73 4.62 62.19 101.24
B 24.10 120.51 2.23 101.24 127.58
C 43.04 172.16 1.56 127.57 172.16

The objective function value is $66/hr and 172 h of total cycle time.

2312

DOI 10.1002/aic

Published on behalf of the AIChE

exceeds its demand (recall that it is assumed that there is no
upper bound on product consumption). Once again the best
solution is the one that has the highest ratio of D production,
as well as production to demand ratio for this grade (see
Table 13). In this example transition time is also a key driver
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Figure 8. Molecular weight distribution (a), and feed
stream flow rate (Qm) (b), profiles during
production cycle.

Note: MWD during production stages in figure (a) is kept
within upper and lower quality bounds. [Color figure can

be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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Table 13. Performance Indicators for MMA Optimal and other Feasible Solutions

WAB.C

Solution Sequence Profit Tc [h] % V;,DI[ demand «11»:1%
Optimal D—->A—->B->C 66.0 172.2 0.08 0.40 1.0 2.05
Sol.b D->C->B-A 65.6 160.0 0.09 0.39 1.0 1.99
Sol.c A—->B->C->D 65.1 160.0 0.09 0.39 1.0 1.98
Sol.d D—->B->A->C 64.8 160.0 0.09 0.39 1.0 1.97
Sol.e D—->A-C->B 63.2 160.0 0.10 0.38 1.0 191

for the optimal solution. The best solution is the one with the
shortest transition time, and the lowest ratio of transition
time to total cycle time. This makes sense since the lower
the portion of cycle time devoted to transitions, the higher
the available time for profitable production becomes. It is
interesting to see that transition costs are actually higher in
the optimal solution than in the next best solution. This
stresses the fact found in the MMA example that transition
times are more important than transition costs (see transition
times and transition costs in Figure 9 and Table 13). Perhaps
the only difference in optimal solution behavior between the
HIPS and the MMA case studies is the fact that the MMA
optimal solution has a slightly longer cycle duration than so-
lution b in the MMA system. Notice, however, that the opti-
mal solution does have shorter cycle times than the other
suboptimal solutions except for solution b, which has lower
inventory costs, but the optimal solution performs better in
terms of transition durations (see Table 13 and inventory
costs in Figure 9). This confirms the importance of minimiz-
ing transition duration, and total transition time to cycle du-
ration ratio.

Sensitivity analysis

The sensitivity analysis consists in the modification of in-
ventory costs, raw material costs, tolerance for actual states
values vs. desired state values at the end of dynamic transi-
tions as expressed in Eqgs. 18 and 19, and hourly demand for
grade A. The percentage of change in these parameters and
the resulting optimal solutions are summarized in Table 14.

Case 1. When inventory costs are increased, profit is
decreased as expected. The decrease is not proportional to
the increase in inventory cost since the amount of polymer
produced has to be changed by the optimizer attempting to
minimize costs. An over production of grade D when com-
pared against its demand is still present, but it is lower than
in the base case. When less polymer is produced the sales
term is also affected. The overall effect is seen in the result-
ing hourly profit. A decrease in cycle duration also occurs as
expected. In contrast, decreased inventory costs cause an
expected increase in profit. This allows for longer cycles,
more production and therefore more over production of grade
D. Hence, the increase in profit is caused by the decrease in
costs itself and by an increase in hourly sales.

Case II. Raw material costs for monomer and initiator
were simultaneously modified. This change has interesting
effects. The case where raw material costs were decreased is
the only case where a different optimal sequence was
obtained. Changing this sequence impacts the transition
times. This occurs because lower transition costs allow for
longer transition times, while still increasing the hourly profit
when compared against the original case.

AIChE Journal September 2007 Vol. 53, No. 9
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Case III. Modifying the allowed tolerances is equivalent
to modifying the duration of transitions. When a tolerance is
increased (therefore relaxing the dynamic end point con-
straints), less time is required for grade transitions, and the
opposite is true when tolerances are decreased. Notice that
costs were not modified in both cases, and the profit still
changes. The 50% changes correspond to increasing and
decreasing the original 2% tolerance by 1%. Although this
change is not large, it is still affects cycle duration and cycle
productivity, if productivity is understood as the proportion
of the cycle devoted to actually producing the desired poly-
mer grades. The effect seen when tolerances are modified
further points out the important role that transitions duration
and dynamic behavior of the system play in determining an
optimal solution.

Case IV. Changes in the demand for any grade are of par-
ticular interest since actual manufacturing operations are
always subject to this kind of uncertain behavior. Grade A
was chosen because it is the less profitable grade. When the
demand is increased, a longer cycle time has to be selected
to producing this grade (the model used sets grade demand
as a lower bound on production), which in turn decreases
profit, since other grades have to be hold during the produc-
tion of this less profitable product. The optimal sequence is
still the same, which means that product D, with the highest
production of all, is produced before grade A. Because pro-
duction of grade A takes longer, all D grade has to be hold
for a longer amount of time, increasing inventory costs. The
optimizer, however, does not change the total cycle duration
too much, but actually produces less grade D so less produc-
tion has to be stored. The opposite effect can be observed
when the demand of grade A is lowered.
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Figure 9. Costs and profit balance of different solu-
tions for the MMA case study.
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Table 14. Changes in Values of Fixed Parameters and their Effects on the Optimal Solution for the MMA Case Study

Case Parameter Change Opt. Sequence Profit [$/hr] Cyec. time [hrs] Trans. Time [hrs]
Base None D—->A—->B->C 66.0 172.2 14.13
Ia +50% Inv. Cost. D—->A—->B->C 60.0 140.1 14.13
Ib —50% Inv. Cost. D—->A->B->C 85.9 2443 14.13
Ila +20% Raw M. Cost. D—->A—->B->C 61.9 182.3 14.13
1Ib —20% Raw M. Cost. B—-A—-C-D 70.4 161.4 14.63
1Ila +50% X1 D—->A->B->C 62.6 180.7 15.16
1IIb —50% X1 D—->A—->B->C 68.1 170.0 13.46
IVa +20% Demand A D—-A—-B->C 62.4 171.7 14.13
IVb —20% Demand A D—-A—->B->C 69.9 173.5 14.13

X1 18 the product quality band width.

Conclusions

In this work a MINLP formulation was proposed to simul-
taneously solve the scheduling and control problems in poly-
merization reactors during a cyclic manufacturing operation.
Process dynamics, in the form of differential equations that
were transformed into algebraic equations via a discretization
method, were explicitly included in the formulation. Such a
formulation was able to calculate the optimal transition dura-
tion and profiles, and from this information a transition cost
term was computed in the objective function. The dynamic
optimization was performed using the SDO method- which
allows for transitions between unstable operating conditions.
Results do not depend on any controller set up since they all
correspond to open loop solutions.

Two case studies related to the polymerization industry
were included. From these studies it was concluded that the
formulation works for applications close to those expected in
real life. From the discussion of those cases it was concluded
that transition duration is decisive for the optimal profit
achieved, therefore, justifying the need to include rigorous
dynamics in the simultaneous problem. The superiority of the
presented formulation vs. the sequential approach was evi-
dent in one of the examples.

A potential extension of this work is the application of the
formulation presented to models used to simulate real life
operations. Taking the examples in this work as a starting
point, the optimization of polymerization operations in non-
isothermal mode, and perhaps, using a more representative
reactor model will be a next step. Since the computational
effort invested in solving the case studies was significant, a
decomposition approach exploiting the nature of the simulta-
neous problem is desirable. Such an approach might also
facilitate the representation of scheduling models beyond the
cyclic one presented here.
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Appendix

The indices, decision variables and system parameters
used in the SSC MIDO problem formulation are as follows:

Indices

Products ip = 1, ... N,
Slots k = 1, ... N,

Finite elements f = 1, ... N,
Collocation points ¢,/ = 1, ... N,
System states n = 1, ... N,
Manipulated variables m = 1, ... N,

Decision variables
vix = binary variable to denote if product i is assigned to
slot k
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Pk =
£ =
£ =

MWDy =

Parameters
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processing time at slot &

final time at slot k

start time at slot k

time at finite element f, and collocation point ¢
of slot k

= production rate

cyclic time [h]

n-th system state in finite element f, and collo-
cation point ¢ of slot k

value of n-th state derivative with respect to
time in finite element f and collocation point /
of slot k

m-th manipulated variable in finite element f
and collocation point ¢ of slot £

= amount produced of each product, kg

processing time of product i in slot k

transition time at slot k

total processing time of product i

n-th state value at the beginning of the finite
element f of slot k

desired value of the n-th state at the end of
dynamic transition of slot &

desired value of the m-th manipulated variable
at the end of dynamic transition of slot &

= n-th state value at the beginning of dynamic

transition of slot k

m-th manipulated variable value at the begin-
ning of dynamic transition of slot &

conversion in finite element f, and collocation
point ¢ of slot &

molecular Weight Distribution in finite element
f and collocation point ¢ of slot k

= number of products

number of slots

number of finite elements
number of collocation points
number of system states

Omax

n
$8,1
m

88,1

Fo =

MWmunomer =

X

88,0

MWDy, ;

n

wi
Xmin>
m

X max
m

min® “max

-1
ol

1

ol

ul;ront

C

u(_'())’lf

Ve
n
max

[
Qmax -

= number of manipulated variables
= demand rate, kg/h
= price of products, $/kg

cost of inventory, $/kg-h

= cost of raw material, $/Lt of feed solution

cost of initiator, $/Lt of feed solution

= Length of finite element f in slot k

matrix of Radau quadrature weights

= desired value of the n-th system state at slot

k
desired value of the m-th manipulated vari-
able at slot k

= upper bound on processing time
= n-th state value at steady state of product i

m-th manipulated variable value of product i
feed stream volumetric flow rate at steady
state for grade i

monomer molecular weight, kg/kmol
desired conversion degree of grade i

= desired molecular-weight distribution of

grade i

= minimum and maximum value of the state x"
= minimum and maximum value of the manipu-

lated variable u™

maximum absolute value for state deriva-
tives at the end of dynamic transition
maximum absolute deviation from desired
final value, allowable for state variable x”
at the end of dynamic transition

maximum absolute change for u™ between
finite elements

maximum absolute change for u™ between
collocation points

= roots of the Lagrange orthogonal polynomial

maximum monomer flow rate, Lt/h
maximum initiator flow rate, Lt/h
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